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We are developing mathematical models to bet
ter understand the transmission and spread ¢
malaria. We model the disease through ordinary
differential equations (ODES) where humans andg
mosquitoes interact and infect each other. Thig
model is used to determine which factors are most
responsible for the spread of malaria.

Malaria is an infectious disease caused by the¢
Plasmodiunparasite and transmitted between hu-
mans through the bite of the femateopheles
mosquito. An estimated 40% of the world’s pop-
ulation live in malaria endemic areas. It Kills
about 700, 000 — 2.7 million people a year, 75%
of whom are African children. The incidence
of malaria has been growing recently due to in-
creasing parasite drug-resistance and mosquito
insecticide-resistance. Therefore, it is importan
to understand the important parameters in thg
transmission of the disease and develop effectiv
solution strategies for its prevention.

Mathematical modeling of malaria began in
1911 with Ross and major extensions were det
scribed by MacDonald in 1957. Recently, Ngwa
and Shu 1] proposed an ODE model for the
spread of malaria. We analyze a similar mode
that contains additional immigration for humans.
The new model (Figure 1) and the results of our
analysis are described in more detail in Chitiis
al. [2].

We showed that there exists a domaid, in
the positive cone oR’ where the model is epi-
demiologically and mathematically well-posed.
Disease-free equilibrium points are steady stat
solutions where there is no malaria in either
the human or mosquito populations. There arg
two disease-free equilibrium points i®? on the
boundary of the positive cone: one with only hu-
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Figure 1. Schematic of the mathematical model
for malaria transmission. The model divides the
human population into 4 classes: susceptide,
exposed,Ey, infectious,ly, and recovered (im-
mune),R,. Humans enter the susceptible pop-
ulation through birth or immigration. Suscep-
tible humans get infected at a certain probabil-
ity when they are bitten by infectious mosquitoes.
They then progress through the exposed, infec-
tious, and recovered classes, before reentering
the susceptible class. Humans leave the popu-
lation through death and emigration out of all
classes, and through additional disease-induced
death out of the infectious class. The mosquitoes
are divided into 3 classes: susceptible, ex-
posed,E,, and infectiousJ,. Mosquitoes enter
the susceptible class through birth. Susceptible
mosquitoes get infected at a certain probability
when they bite infectious or recovered humans (at
a lower probability) and then move through the
exposed and infectious classes. Both species fol-
low a logistic model for their population growth,
with humans having additional immigration and
disease-induced death.

mans and no mosquitoes, e and one with hu-
mans and mosquitoes; se.

We also defined a reproductive numby(the
number of new infections caused by one individ-
ual in an otherwise fully susceptible population
through the duration of the infectious period), for
the model using the next generation operator ap-
proach, as described by Diekmaanal. in [3].
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WhenRy < 1, X4¢e is locally asymptotically sta-
ble and the introduction of a small number of in-
fected individuals would not lead to an epidemic.
WhenRy > 1, X4te IS unstable and the introduc-
tion of any infected individual would would lead
to an epidemic and malaria persisting in the pop
ulation.

Endemic equilibrium points are steady state so
lutions where the disease persists in the populd
tion. Using a theorem by RabinowitZ][ (Thm
1.3), we proved that a positive endemic equilib-
rium exists for allRy > 1. Numerical simulations
suggest that the endemic equilibrium is stable fo
Ry > 1 and there is a transcritical bifurcation at
Ry = 1 where two branches of equilibrium points
intersect and exchange stability (Figure 2). Fot
the special case with no disease-induced death
we proved that the bifurcation &, = 1 is su-
percritical (forward) and stable endemic equilib-
rium points exist forRy > 1. For some large
(though sitill realistically feasible) values of the
disease-induced death rate, there exists a subcrl|t-
ical (backward) bifurcation a®, = 1 where sta-
ble positive endemic equilibrium points exist for
Ro < 1. Thus even wherRy < 1, malaria can
persist in the population in the presence of a lo-
cally asymptotically stable disease-free equilib-
rium point.

We compiled two reasonable sets of values fo
the parameters in the model: one for areas of hig
transmissionRy = 7.0) and one for areas of low
transmission Ry = 1.1). We numerically com-
puted the sensitivity indices of the reproductive
number and the endemic equilibrium to the pa-
rameters. In both high and low transmission ar-
eas,Ry is most sensitive to the number of bites
on humans per mosquito per day. In areas of
low transmission, the equilibrium fraction of in-
fectious humangy, is also most sensitive to the
mosquito biting rate. In areas of high transmis-
sion, as most people are either infectious or ref
covered, the most sensitive parametersifare
the rates of movement out of the infectious and
recovered classes.

The sensitivity indices allow us to compare
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Figure 2: Two bifurcation diagrams showing
the fraction of exposed humang,, in the en-
demic equilibrium point against the mosquito bit-
ing rate, oy, for two different values of the
disease-induced death raté,. The curve la-
belledd, = 3.45392 — 4 shows a subcritical bi-
furcation while the one labelledl, = 3.4193& —

5 shows a supercritical bifurcation.

the effectiveness of different control strategies, as
each strategy affects different parameters to dif-
ferent degrees. Our results agree with field stud-
ies that suggest that methods that reduce human-
mosquito contact, such as the use of insecticide-
treated bed nets, are effective in controlling the
spread of malarieg].
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